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Abstract 
GD&T tolerance standards are widely used in industries across the world. A mathematical 
model to formulate tolerance specifications to enable comprehensive tolerance analysis is 
highly desirable, but difficult to build. Existing methods have limited success on this with form 
and profile tolerance modeling as a known challenge. In this paper, we propose a novel 
tolerance modeling framework and methodology based upon parametric space envelope, a 
purposely built variation tool constructed from base parametric curve. Under proposal, 
geometric variation (deviation as well as deformation) is modeled and linked to envelope 
boundary control points’ movement. This indirect tolerance modeling brings various benefits. 
It is versatile and can handle full set of tolerances specified under GD&T standards including 
form, profile and runout tolerance. The proposal can deal with complex manufacturing part 
and is capable of providing modeling accuracy required by many applications. The proposed 
approach has added advantage of facilitating integration of various computer-aided systems to 
meet emerging industry demands on tolerancing in a new era of digital manufacturing. The 
proposed methodology is illustrated and verified with an industrial case example on a two-part 
assembly. 




Tolerance is an essential part of design and manufacturing. In real production environment, 
manufacturing part cannot be produced to completely conform to design intent [1-6]. Tolerance, 
permissible limit of variation, has been naturally introduced to address this with an aim to 
safeguard product functional requirement and to meet parts’ interchangeable needs. Modern 
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tolerance is based on the concept of “Tolerance Zone (TZ)” [7, 8]. All actual part features falling 
within the TZ belong to an acceptable variational class. 
Today many major industries are becoming more global. To reduce cost, many component 
parts are currently being sourced from suppliers all over the world resulting in the 
decentralization of design and manufacturing. The need for accuracy in part design and 
manufacturing is greater now than ever before. It is imperative that the design intent and 
functionality of the part be clearly communicated between design engineer and the 
manufacturing plant at global level. Geometric Dimensioning and Tolerancing (GD&T) has 
been developed and adopted as a more worldwide standard to specify allowable dimensional 
and geometric variation on manufacturing part. The GD&T methodology is currently used in 
automotive, heavy equipment, aviation and several other industries. Two prominent GD&T 
standards are ASME Y14.5 [9] and ISO 1101 standard [10]. 
GD&T is a significant improvement over traditional older systems. It is very precise as 
well as concise relative to the older systems, which rely on extensive non-standard and error-
prone notes to make things fully specified. The application of GD&T standards has proven to 
reduce cost and improve quality, reliability and safety. For example, without GD&T, the 
tolerance on a hole center is often X and Y plus or minus some amount (so-called “square 
tolerance”). With GD&T, the tolerance is expressed as a round area. The parts, with dimensions 
fell slightly outside of the square zone but were within a circle that encompassed the square’s 
corners, are just as functional. As can be seen, GD&T allows for the application of a greater 
tolerance range, reducing the quantity of functional parts being rejected. Manufacturers thereby 
increase their first time yield (the ratio of the acceptable assemblies to total assemblies 
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GD&T standards comprise dimensional tolerance and geometric tolerance. Geometric 
tolerance is further divided into five categories under ASME Y14.5: form, profile, orientation, 
location and runout. Each of these five categories has sub categories with details shown in Table 
1. 
It is worth mentioning that the current international standards are created by collecting 
knowledge from many years of engineering practice. Many tolerances specified did not come 
out of a mathematical model (nor were attached with such model) but rather out of convention. 
To implement such tolerance specified by standards, a comprehensive analysis involving all 
types of dimensional and geometric variations is needed. However, this is only possible if a 
mathematical model linking tolerance specification to geometric variations exists. 
As such, tolerance modeling has drawn wide attention from many researchers. Various 
methods and models have been developed in the past four decades. This ranges from early one-
dimensional (1D) model (i.e., tolerance charts [11, 12]), 2D models [13] to recent 3D models. 
In three-dimensional space, the position and orientation of a rigid body is defined by three 
components of translation and three components of rotation. This means that rigid body has six 
degrees of freedom (DOF). Naturally, many existing 3D tolerance models are built along the 
idea of DOF. This broadly includes TTRS [14], Deviation Domain [15], Tolerance Map [16] 
and Jacobian-Torsor model [17]. In general, they are able to provide accurate modeling on 
ordinary rigid parts (involving translational and rotational displacement). However, a non-rigid, 
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deformable part involves essentially infinite number of DOF. As such, existing DOF oriented 
models have inherent difficulty to handle form and profile tolerances. Approximations on form 
error, attempted by many existing methods, are inaccurate and incomplete in many cases. 
Furthermore, existing tolerance modeling methods are not sufficient to cope with new 
emerging trends in industry, such as Industry 4.0 [18-20] and Digital Twin (DT) [21]. Industry 
4.0 shows the current trend of automation and data exchange in manufacturing technologies. 
DT aims to develop a seamless integration between digital and real world. Core part of that 
involves the capability to exploit simulation tools throughout the lifecycle of new product and 
processes. 
In view of that, this paper proposes a novel modeling for GD&T standards under 
parametric space envelope framework. It provides vital link between allowed geometric 
variation and tolerance specification. Variation (to be modeled) can include deviation (from 
rigid part) as well as deformation experienced by non-rigid, compliant part. The developed 
method is versatile to enable modeling all classes of dimensional and geometric tolerances 
specified by standards including form and profile tolerance. The proposal helps formalize 
tolerance specifications and enables full three-dimensional tolerance analysis. The fact, that the 
variation tool under proposed modeling framework is constructed from parametric curves, 
makes proposed method closely linked to computer-aided design (CAD) techniques. This 
CAD-driven approach is portable across multiple stages of the product development, from 
concept to prototyping, to manufacturing and inspection. As such, the developed method can 
be deployed and integrated with existing CAD and Product Lifecycle Management (PLM) 
systems to facilitate continuous quality improvement. 
This paper is organized as follows. Section 2 provides related work on tolerance modeling. 
Section 3 presents detailed methodology on tolerance modeling based upon parametric space 
envelope. Section 4 presents a case example on a two-part assembly using proposed method. 
Discussions on the proposed modeling framework are provided in Section 5, and Section 6 
concludes the analysis. 
2. Related Work 
In the past four decades, tremendous efforts have been devoted to geometric tolerance 
modeling for manufacturing and assembly [18]. Researchers are trying to address the challenge 
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to build a mathematical model of geometric variations that is consistent with tolerance standards 
and capable of supporting comprehensive tolerance analysis. Many different methods have been 
proposed. 
The offset zone model proposed by Requicha [7, 23] is one of the earliest mathematical 
methods to construct tolerance zones. Under this method, a tolerance zone is modeled as 
Boolean subtraction of maximal and minimal object volumes that are obtained by amounts 
equal to the tolerances on either side. Offset model conforms to tolerance standards. However, 
it can be applied to rather simple parts as involved computation time for construction and 
evaluation is considerably high. 
Deviation Domain is a three-dimensional (3D) model which relies extensively on degree 
of freedom concept. Each tolerance zone allows a small amount of variations of target feature 
within the tolerance zone. These small amounts of variations are represented as small 
displacement torsor (SDT). A torsor basically represents three translations and three rotations 
of a feature with respect to a co-ordinate system. In order to represent the variations of a feature 
within its tolerance zone, a deviation space is created using the non-invariant components of 
the SDT. Based on the condition of tolerance feature lying within tolerance zone, inequalities 
representing the bounds of the tolerance zone are created. These inequalities are then used to 
create a bounded deviation domain. More details about deviation domain can be found in [15, 
24]. Deviation Domain conforms to tolerance standards. However, it can only model certain 
sets of tolerance specified under GD&T while still having difficulty to model profile tolerance. 
To overcome limitations and difficulties of point based SDT approach [25], researchers 
[17, 26-31] subsequently proposed Jacobian-Torsor model. It is essentially the unification of 
two existing models: the Jacobian's matrix model and the tolerance zone representation model. 
Jacobian's matrix method is based on the infinitesimal modeling of open kinematic chains in 
robotics, while tolerance zone representation model uses small displacement screws and 
constraints to establish the extreme limits between which points and surfaces can vary. These 
approaches also apply interval algebra as a useful method to take tolerance boundaries into 
account in tolerance analysis. Jacobian-Torsor model is suitable for tolerance modeling related 
to rigid part but not ideal for non-rigid compliant part. 
A Tolerance-Map [16] is a hypothetical Euclidean point-space, the size and shape of which 
reflects all variational possibilities for a target feature. It is the range of points resulting from a 
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one-to-one mapping based on the variational possibilities of a feature (within its tolerance-zone) 
to the Euclidean point-space. These variations are determined by related tolerances that are 
specified on the feature. The T-Map for any combination of tolerances on a feature is 
constructed from a basis-simplex and described with areal coordinates. If the mapping is done 
for n-types of variation of a feature, a T-Map will be created in n-dimensional. The basis-
simplex will also be of n-dimensions. For three-dimensional variations of a feature, the 
corresponding T-Map is normally constructed from four basis points that define its basis-
tetrahedron. The shape of the basis-tetrahedron is typically chosen to simplify interpretation of 
T-map, particularly to decouple rotational and translational displacements in the tolerance zone 
[32]. T-Map model [16, 33] has the advantage of conforming to the GD&T standards. The 
downside of the model is that visualization of high dimensional maps is difficult, and the 
Minkowski operations involved in this model is known to be computationally expensive and 
not straightforward [34]. 
Applying the concept of constraints and rigid body motions in kinematics, Desrochers and 
Clement [31] used six Technologically and Topologically Related Surfaces (TTRS) for 
dimensioning and tolerancing. According to TTRS, three dimensional surface or features are 
classified according to their respective degree of invariance under the action of rigid motions. 
In total, seven main features equivalent to kinematic lower pairs are identified. Each main 
feature is then described by a unique minimum geometrical reference element (MGRE) that 
allows combination of elementary geometrical objects. With its extensions [36-39], TTRS has 
evolved into a general framework which addresses the problem of translating tolerance zones 
into mathematical key parameters. However, TTRS still has difficulty to handle profile 
tolerance among other drawbacks [32]. 
The aforementioned methods and models are broadly built surrounding the concept of 
degree of freedom (DOF). More details can be found in survey papers [40-45]. None of these 
models are complete as yet in representing all geometric tolerances specified in the GD&T 
standards. In particular, they have difficulty to model shape errors to handle profile and 
symmetry tolerances. In addition, their modeling of tolerance interactions is incomplete (TTRS 
and Deviation Domain) [32], which will directly impact their modeling accuracy. Furthermore, 
there are larger issues for existing methods to integrate tolerances across product life cycle 
(design, manufacturing and inspection) [32]. 
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Data integration across product lifecycle phases and across all computer-aided systems is 
key part of digital manufacturing. For example, Digital Twin [21, 47-48] refers to a 
comprehensive physical and functional description of a component, product or system, which 
includes more or less all information which could be useful in all lifecycle phases. This latest 
industry development raises new requirements on tolerance modeling. To address the 
shortcomings of existing methods and take on emerging challenges of the industry, this paper 
proposes a novel methodology based upon parametric space envelope, a variation tool that is 
purposely built to aid tolerance modeling. 
3. Methodology 
The modeling framework developed in this paper is based upon parametric space 
envelope, which is a lattice of grid of control points and constructed from a base parametric 
curve (such as Bezier curves, B-splines, or NURBS among others). The method applies Free-
form Deformation (FFD) technique [49], which is widely used in computer graphics. To 
illustrate the proposed method, here we use Bezier curve as a base curve to construct the tool. 
In this way, the created parametric space envelope is trivariate Bezier volume. It is an extension 
of one dimensional Bezier curve to three dimensional. Its axes are defined by the orthogonal 
vectors s, u and w. When target object is enclosed into the variation tool (or Bezier volume), a 
local parameter coordinate for the target object is then assigned. Whenever boundary control 
points moved place, the enclosed object gets displaced accordingly. The position of an arbitrary 
point of the enclosed object is given by [49]: 





i j k ijk
i j k
s u w B s B u B w
  
 Q p   (1)
   
where Q contains the coordinates of point sampled from the object.   liB s  ,  
m
jB u  and 
 nkB w are Bernstein polynomial of degree Ɩ, n and m, respectively and defined by 




B s s s
i
   
 
. i jkp is the i, j, k-th control point. 
GD&T standards comprise dimensional tolerance and geometric tolerance. Geometric 
tolerance is further divided into five categories (Table 1). Here for ease of presenting our 
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method, we loosely group geometric tolerances into two: rigid body related tolerances 
(including orientation and location tolerances) with a focus on deviation modeling; and shape 
related tolerances (including form, runout and profile tolerances) which involve deformation 
modeling. Tolerances specified by GD&T are based on the concept of tolerance zone. Tolerance 
modeling involves building mathematical relationship between geometric variation and related 
tolerance zone. 
3.1    Dimensional tolerance modeling. Dimension (length, width, height, diameter, etc.) 
is the numerical value that defines the size or geometric characteristic of a feature. ASME 
Y14.5M defines dimensional tolerance as “the total amount a specific dimension is permitted 
to vary. The tolerance is the difference between the maximum and minimum limits”. Compared 
with geometric tolerance, dimensional tolerance is straightforward and can be modeled by the 
proposed method. 
If target feature is enclosed into a constructed parametric space envelope, feature’s 
dimension will deviate from design intent when control points moved along the dimension 
direction vijk (Fig. 1). In general, the direction of vijk points to increasing dimensional size. 
Scaling parametric space envelope through control points, the dimension of enclosed feature 
will increase or decrease accordingly. The deviated feature can be calculated as follows: 





i j k ijk ijk ijk
i j k
s u w B s B u B w t
  
 Q p v   (2) 
where tijk is control points’ moving distance in direction vijk (which is unit vector). And feature’s 
dimensional deviation is: 





i j k ijk ijk
i j k
s u w B s B u B w t
  
 Q v   (3) 
More generally, a feature’s dimensional tolerance is specified as tol under GD&T. This 
tolerance zone can be modeled using Eq. (3).  In Fig. 1(a), a cylindrical part with radius r and 
height h is shown. The corresponding dimensional tolerance zone is [r-Δr, r+Δr] and [h-Δh, 
h+Δh], respectively. Applying proposed method, a parametric space envelope (of size a × a × 
h) was constructed and imposed on the cylindrical part, where the part is located centrally and 
coaxes with the variation tool (Fig. 1(b)). If eight corner control points moved simultaneously 
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outwards along vijk direction by t1 in Fig. 1(b), then cylinder’s radius will increase by 1
2rt
a
(here t1>0 indicates increasing radius while t1<0 indicates decreasing radius). Here  𝒗111 =
𝒗110 = 𝒗𝑥𝑦1 ,  𝒗101 = 𝒗100 = 𝒗𝑥𝑦2 , 𝒗001 = 𝒗000 = −𝒗𝑥𝑦1 and 𝒗011 = 𝒗010 = −𝒗𝑥𝑦2 . If the top 
four control points moved vertically upwards along Z axis by t2, then cylinder’s height will 







] and [-t2, +t2], respectively under the constructed variation tool. 
 
(a) 
       
(b)         (c)    
Fig. 1 Dimensional tolerance modeling based on parametric space envelope 
 
More importantly, the cylindrical part’s diameter and height variation can be stacked up 
and modeled in combination under variation tool in Fig. 1(c). It avoids modeling the two 
dimensional variation separately and then taking into account the interaction between them in 
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extra steps. This brings efficiency. In essence, GD&T dimensional tolerance zone can be 
modeled by scaling the outer parametric space envelope under proposed method. 
3.2 Rigid body related tolerance modeling.  Under GD&T standards, rigid 
manufacturing parts are typically assigned with tolerances of location and orientation to control 
translational and rotational displacement. Tolerances of location are subdivided into position, 
concentricity and symmetry tolerance. Tolerances of orientation include sub-categories of 
angularity, perpendicularity and parallelism. Here we loosely group them into rigid body related 
tolerance for ease of presenting the model. 
3.2.1 Translational displacement related tolerance modeling. Under our proposed 
modeling framework, enclosed manufacturing part will experience translational deviation when 
control points moved position in certain direction simultaneously (i.e. maintaining the angle 
and distance among control points). The displaced feature (or part) can be calculated as follows: 





i j k ijk
i j k
s u w B s B u B w t
  
 Q p v   (4) 
where v is the translation direction and t is the translational distance of control points. And the 
translational deviation of the target part is 







s u w B s B u B w t
  
 Q v   (5) 
If specified location tolerance for a rigid part is tol, then this tolerance zone can be modeled 
using Eq. (5). In Fig. 2(a), the position tolerance of the hole in the rigid part was tol. The 
position tolerance is in reference to datum planes A and B. If all control points moved position 
on xy plane, the displaced feature can be calculated according to Eq. (5). Permitted control point 
movement satisfies √ 𝑡𝑥2 + 𝑡𝑦2 ≤ 𝑡𝑜𝑙  in this example under constructed parametric space 
envelope in Fig. 2(c), where tx and ty are control point displacement in X and Y direction, 
respectively. 
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(b)                                                    (c) 
Fig. 2 Position tolerance modeling based on parametric space envelope 
 
3.2.2 Rotational displacement related tolerance modeling. Tolerances of 
perpendicularity, angularity and parallelism aim to limit angular displacement of a 
manufacturing part.  This can be modeled by the proposed method. If all control points rotate 
in one direction, enclosed manufacturing part will experience angular displacement and the 
displaced part is: 
          1 1 2 2 3 3
0 0 0
, , ( , ) ( , ) ( , )
l m n
l m n
i j k ijk
i j k
s u w B s B u B w Rot Rot Rot  
  
  Q ω ω ω p   (6) 
where ω1,  ω2 and ω3 are rotating axes (unit vector). θ1, θ2 and θ3 are rotating angles about these 


















ω  is an anti-
symmetric matrix [51], where  1 2 3= , ,i i i i  ω . As such, rotational tolerance zone can be 
modeled using Eq. (6). 
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In Fig. 3(a), a wedge shaped part has a perpendicular tolerance of tol in reference to datum 
plane A. Equivalently, this means the left plane can rotate about axis ω by a maximal angle of 
arctan (tol/a). We can build a parametric space envelope as shown in Fig. 3(b). If all control 
points rotate about ω1 axis by an angle of θ1, then the perpendicular tolerance zone can be 
calculated using Eq. (6) with permitted rotating angle to be in the range of -arctan (tol/a) ≤ 1 ≤ 




                (b)                                           (c) 
Fig. 3 Perpendicular tolerance modeling based on parametric space envelope 
 
3.2.3 Tolerance modeling for combined translational and rotational displacement. If 
boundary control points are perturbed involving both translational and rotational movement, 
enclosed manufacturing part will experience both translational and rotational displacement. 
Concentricity is a tolerance (under GD&T standards) that controls the central axis of the 
referenced feature to a datum axis. The axes for the datum and referenced feature are derived 
from the median points of the part or feature. Concentricity is a three-dimensional cylindrical 
tolerance zone where all the derived median points of a referenced circular feature must fall 
into. Under proposed method, the displaced feature (under translational and rotational deviation 
of control points) is calculated as follows: 
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         1 1 2 2 3 3
0 0 0
, , ( , ) ( , ) ( , ) +
l m n
l m n
i j k ijk
i j k
s u w B s B u B w Rot Rot Rot t  
  
 Q ω ω ω p v  (7) 
      In Fig. 4(a), an intermediate shaft in transmission is composed of two different diameter 
sections which are coaxial. Datum A is the drive side and relatively fixed with bearings to the 
housing. The left referenced section is designed to be concentric with datum A to avoid 
oscillations at high speed. Specified concentricity tolerance tol is shown in Fig. 4(a). A 
parametric space envelope (or variation tool) is constructed and imposed on the target feature 
shown in Fig. 4(b). The displacement of the mating shaft from rotation about axis ω1, from 
rotation about axis ω2 and from translation is shown in Fig. 4(c), Fig. 4(d) and Fig. 4(e), 
respectively. The tolerance zone is shown in Fig. 4(c). The location of displaced control points 
(after rotational and translational movement) is as follows: 
 
1 1 2 2( , ) ( , )ijk ijk=Rot Rot +t p ω ω p v   (8) 
Combining Eqs. (7) and (8) with specified concentricity tolerance of tol, we can model the 
cylindrical tolerance zone as a function of rotational angle θ1, rotational angle θ2 and translation 
distance t. If the mating shaft can only rotate about ω1 with rotation about ω2 and translational 
motion being restricted, permitted rotational angle range can be calculated as 1-
tol tol
h h
  in 




   in Fig. 4(d). If both rotations are restrained, allowed translational distance t in 
direction v is tol tol-
2 2
t  in Fig. 4(e). If both rotation and translation deviation are possible, 
θ1, θ2 and t provide tradeoff between rotational and translational displacement based on Eqs. 
(7) and (8) subject to specified tolerance tol. In essence, rigid part related tolerance zone can be 
modeled by scaling and rotating the constructed parametric space envelope. 
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(a)                                                              (b)                                                  
 
(c)                                                         (d)                                                  
 
(e) 
Fig. 4 Concentricity tolerance modeling under parametric space envelope framework. (a) A mating 
shaft. (b) Constructed parametric space envelope. Left section of the shaft deviate from design intent 
from rotation about axis ω1 (c), from rotation about axis ω2 (d) and from translation displacement (e) 
 
3.3 Shape related tolerance modeling. Under GD&T standards, form tolerance states how 
far an actual surface is permitted to vary from desired geometric form. Expressions of these 
tolerances refer to limits of flatness, straightness, circularity and cylindricity. Runout is how 
much a given reference feature varies with respect to another datum when the part is rotated 
360° around the datum axis. Runout tolerance is used to control the location of a circular part 
feature relative to its axis. Profile tolerance of a surface describes a three-dimensional tolerance 
zone around a surface (similarly, profile tolerance of a line is a two-dimensional tolerance range 
that can be applied to any line in a feature). Profile tolerance controls all the points along the 
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surface within a tolerance range that directly mimics the designed profile. Any point on the 
target surface would not be able to vary inside or outside by more than the surface profile 
tolerance. 
Broadly speaking, these are all related to shape of a target feature (or part). Here we group 
them into shape-related tolerance which involves deformation modeling. More generally, 
geometric shape related tolerance is defined by two offset surfaces along the design intent under 
GD&T standards shown in Fig. 5. Deviation as well as deformation of a manufacturing part 
surface (plain or curved surface) can be modeled under proposed method. Deviation distance 
of the points on the deformed surface can be derived from Eq. (1): 
           '
0 0 0
, , , ,
l m n
l m n
i j k ijk ijk
i j k
d s u w B s B u B w s u w
  
   p p n   (9) 
where '
ijkp and ijkp are the location of control points post deformation and pre deformation, 
respectively. And  , ,n s u w  is the normal at the point.  Based on Eq. (9), the deviation of 
arbitrary points (randomly selected or sampled) can be obtained.  , ,d s u w  is positive when 
projection of the deviation vector on to the normal is in accordance to the normal, otherwise 
 , ,d s u w  is negative. 
 
(a)                                                        (b)       
 
(c) 
Fig. 5 Profile tolerance modeling based on parametric space envelope 
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All actual features of the surface, falling within the tolerance zone, belong to an acceptable 
variational class. As such, allowable variation should be within the tolerance zone and satisfy 
the following constraint inequation:  
  , ,d s u w tol   (10) 
With h sampled points on the target surface, Eq. (10) can be rewritten as  
 
   1, 2, ,a ΔP ni itol i h   L   (11) 
where             0 0 0 , ,
l m n l m n
i i i i l i m i n iB s B u B w B s B u B w   a and 
' '
000 000[ , , ]p p
T
N N  Δp p p p pL .  Because ai and ni are pre-computable, Eq. (11) can be 
further rewritten as 
 [ , , ] 1, 2, ,Ti i itol i h  a n n ΔpL L   (12) 
The system of inequations in Eq. (12) builds the relationship between control points’ movement 
and specified tolerance tol. Inequation (12) can be written in matrix: 
  T A Δp   (13) 
Where  1, ,
T
htol tolT L ,
11 11 11 12 11 13 1 11 1 12 1 13






h h h h h h hN h hN h hN h
a n a n a n a n a n a n











Cite as: Chen, L., Franciosa, P., Zhijie, M., Ceglarek, D., 2020, “A Unified Framework for Tolerance Modeling and 
Analysis Based on Parametric Space Envelope”, ASME Trans., Journal of Manufacturing Science and Engineering, 
Vol. 142, No. 6, Article No. 061007, June 2020, DOI: https://doi.org/10.1115/1.4046743. 
17 
 
and 000 000 000 , ,
T
x y z lmnx lmny lmnxp p p p p p        Δp L  is the column vector of 
∆P. Note that the proposed model can handle complex non-uniform tolerance, i.e. tolerance 
vector tol1 and tolh can take different value. More details on non-uniform tolerance cases can 
be found in [50]. In essence, tolerance zone for complex free-form surface (or feature) is 
mapped into influence zone of control points under proposed modeling framework. As can be 
seen, with the tool of constructed parametric space envelope, full sets of GD&T tolerances can 
be modeled by the proposed methodology. Table 2 provides a summary on this. 
4. Industrial case study 
Tolerance analysis is routinely carried out by engineers to assess variation impact on 
products stemming from imperfections in manufactured parts. Below we apply developed 
method to tolerance analysis and synthesis (or allocation) on an industrial assembly. 
             Table 2    Dimensional and geometric tolerance modeling 
Types of tolerance Characteristics Control point movement Illustration 




















Symmetry 1 1 2 2













+ijk ijkp Δp  
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In Fig. 6, a rectangular part is to be mated into the base part. The dimension of the 
referenced mating part is 100 mm × 90 mm × 60 mm.  The length of the base part is 140 mm 
with height of 60 mm and width of 50 mm. Length of the slot in the base part is 100 mm with 
a tolerance of 0.5 mm shown in Fig. 7(a). And the slot in the base is also assigned with a 
perpendicular tolerance of 0.1 mm shown in Fig. 7(a). 
 
                          
(a)                                                        (b)                                           
 
(c) 
Fig. 6 Geometry of experiment parts in a two-part assembly (with unit in mm) 
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(a)                                                                                (b) 
 
(c) 
Fig. 7 (a) Tolerance of the base part in Fig. 6, (b) constructed parametric space envelope is imposed 
on the target feature, and (c) assembly clearance distribution (only taking into account dimension and 
perpendicular tolerance) 
 
To apply the developed method, a parametric space envelope with size of 60 mm × 90 mm 
× 60 mm has been constructed and imposed on the target feature in Fig. 7(b). The variation tool 
is positioned as such that target feature (the right plane of the slot) sits on the central line of the 
envelope’s bottom. Eight control points  , , 0,1Bijk i j k p are located at the eight vertices of the 
rectangular block. If control points rotate around axis ω1 by an angle of θ1 and then 
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translationally displaced in direction v by distance t1, the position of displaced control points 
are as follows: 
 1 1 1( , )
B B
ijk ijkRot t
  p ω p v   (14) 
When t1 is positive, i.e. control points moving in direction v,  the enclosed slot length increases. 
On the other hand, slot length gets shortened when control points move in opposite (or negative) 
direction with t1 < 0. θ1 and ω1 follows the right hand screw rule, i.e. the rotation in Fig. 7(b) is 
in the direction of positive rotation. The displaced feature (within the parametric space 
envelope) can be calculated as follows: 





, , ( , ) Bi j k ijk
i j k
s u w B s B u B w Rot t
  
     Q ω p v   (15) 
A. Base part deviation. If we only consider base part variation and assume the mating part 
is in nominal dimension, allowed control point translational displacement t1 is  1 0,0.5t  given 
the dimensional tolerance of [0, 0.5] in Fig. 7. Given the perpendicularity tolerance of 0.1 mm, 








 based on the 
constructed parametric space envelope in Fig. 7(b). Given the allowable range of t1 and θ1 , 
permissible movement range of control points can be calculated from Eq. (14). If we simulate 
control points’ random movements within their permitted range of t1 and θ1, we will get various 
deviated base part from Eq. (15). We then verify if the two-part assembly is successful or not 
based upon the criteria whether there is any interference between the two mating parts. 
The rand( ) function in MATLAB is used to generate random numbers for t1 and θ1 within 
their permitted range. Fig. 7(c) shows the experiment results based on 1,000,000 random 
simulatins. If the distance between the ideal mating part and the deviated base part is negative, 
i.e. there is interference, the assembly is not successful. In this simulation experiment, there is 
around 2.5% cases leading to failed assembly. 
B. Mating part deviation. We now focus on deviation of the rectangular mating part and 
assume the base part is in nominal geometry. Dimensional tolerance (on the mating part length) 
is specified with an upper limit of 0.1 mm and lower limit of -0.2 mm in Fig. 8(a). Also there 
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is a perpendicularity tolerance of 0.1 mm in reference to datum plane A. To apply the proposed 
method, a parametric space envelope is constructed and imposed on the target feature shown in 
Fig. 8(b). The size of the parametric space envelope is 60 mm × 90 mm × 60 mm. The 
parametric space envelope is positioned as such that the mating part’s right plane sits on the 
central line of the bottom plane of the constructed variation tool. There are eight control points 
 , , 0,1Mijk i j k p sitting at the vertices of the parametric space envelope. 
The position of displaced control points, after rotation about axis ω2 by an angle of θ2 and 
translational movement of  t2 in direction v, is: 
 2 2 2( , )
M M
ijk ijkRot t
  p ω p v   (16) 
Given the dimensional tolerance of [-0.2, 0.1] in Fig. 8(a), permitted control points’ 
translantional distance t2 range is  2 0.2, 0.1t   . For assigned perpendicularity tolerance of 0.1 








 based on the 
constructed variation tool in Fig. 8(b). Simulating control points’ random movement (within 
the allowed range of t2 and θ2), we can analyze and assess the assembly of a deviated mating 
part and a nominal base part. Simulating 1,000,000 times of random control points’ movements 
to get displaced mating part from Eq. (15), the distance between displaced mating part and 
nominal base part is shown in Fig. 8(c). It can be seen that around 5% of the simulated cases 
lead to failed assembly. 
 
                              (a)                                                                        (b)                                                      
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Fig. 8 (a) Tolerance of the mating part in Fig. 6, (b) constructed parametric space envelope is 
imposed on the target feature, and (c) assembly clearance distribution 
 
C. Assembly tolerance allocation. In above two experiments, 2.5% and 5% failure rates 
lead to unbearable scrap rate. And the tolerance needs to be adjusted to meet industry’s 3σ 
requirement, i.e. the parts need to be assembled successfully 99.73% (±3σ) of the time 
statistically. For illustration purpose, here we adjust mating part perpendicularity tolerance 
while keeping (both parts’) dimensional tolerance and base part perpendicurity tolerance 
unchanged. In this case, the mating part and base part share same parametric space envolpe 
(Fig. 7(b) and Fig. 8(b)). The distance of the two mating planes (red highlighted in Fig. 6) can 
be calculated as follows: 
           
1 1 1
1 1 1
1 1 2 2 1 2
0 0 0
, , ( , ) ( , )i j k ijk
i j k
d s u w = B s B u B w Rot Rot t t 
  
      ω ω p v v (17) 
Note distance d can be postive or negative number. Given v is normal to the mating plane, Eq. 
(17) can be written as 
           
1 1 1
1 1 1
1 1 2 2 1 2
0 0 0
, , ( , ) ( , )
T
i j k ijk
i j k
d s u w = B s B u B w Rot Rot t t 
  
         ω ω p v  (18) 
For the two-part assembly to be successful, the distance d has to be non-negative, i.e. 0d  . 
Since ω1 and ω2 is essentially rotating around the same axis, Eq. (18) can be further written as: 
            
1 1 1
1 1 1




i j k ijk
i j k
d s u w B s B u B w t t 
  
         ωp v-   (19) 
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where ω̂ is the anti-symmetric matrix of ω. Here assembly distance d is a function of t1, t2, θ1 
and θ2. With slot length tolerance of [0, 0.5] in Fig. 7(a) and dimensional tolerance for the 
mating part of [-0.3, 0], t1 and t2 allowed range is  1 0,0.5t  and  2 -0.3, 0t  . Permitted rotating 




] based on base part perpendicularity tolerance of 0.1 mm in 
Fig. 7(a) and the constructed variation tool. Set perpendicularity tolerance of the mating part to 
be a, then permitted rotating angle range for θ2 is [ - ,
120 120
a a
]. Simulating control points’ 
movement based upon permitted range for t1, t2, θ1 and θ2, the assembly distance can be 
calculated from Eq. (19). Table 3 provides the results based on 1,000,000 simulations. 
It can be seen from Table 3 that the assembly will meet ±3σ requirement when variable a 
takes the value of 0.14. In this case, the perpendicularity tolerance is 0.14 mm. The 




], and the assembly yield 
is 99.7409%. 
Table 3   Parameter a and the corresponding assembly rate 










5.     Model discussion 
Using parametric space envelope, this paper developed a unified geometric variation 
model that bridges manufacturing and design. The proposed methodology is versatile and can 
cover whole sets of tolerances specified by GD&T standards. It helps formalize GD&T 
tolerance specification. Due to its unique modeling through constructed variation tool, it can 
model rigid part deviation as well as geometric deformation experienced by non-rigid compliant 
part. For ease of illustration, the aforementioned parametric space envelope is constructed from 
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a Bezier curve. The resulting variation tool is a trivariate Bezier volume. In real application, 
other parametric curves (i.e., B-splines, NURBS among others) can be selected to construct the 
variation tool. To facilitate illustration, the aforementioned variation tool is constructed with 
just eight control points. In practical application, user can construct the variation tool with more 
control points to get diverse geometric variation to mimic real variations observed in 
production. Figure 9 shows the impact with more control points being added. However, it is 
worth noting that computation costs will go up when more control points being selected to 
construct the variation tool. 
    
(a)                                          (b) 
    
(c)                                           (d) 
Fig. 9 Deformation impact by adding more control points.  (a-b) Deformation of a plain sheet metal 
under variation tool with 18 control points.  (c-d) Deformation of the same plain sheet metal under 
variation tool with 50 control points 
 
The difficulty in tolerance related geometric variation modeling lies in correctly capturing 
intra-part interactions. These interactions induced by geometric variation are non-linear in 
general. Approximation on this can drag down modeling accuracy considerably. Through 
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constructing a variation tool, the proposed method circumvents direct modeling these 
interactions. Instead, the modeling is conducted through envelope’s boundary control points. 
This indirect modeling brings various benefits including modeling accuracy for handling 
complex manufacturing part. In addition, proposed method has added advantage of modeling 
efficiency. There are typically multiple tolerances specified on the same manufacturing part, 
i.e. dimensional, flatness and perpendicular tolerance. With existing methods, user typically 
needs to model them separately, and then do the stack-up analysis and calculation in extra steps. 
Under proposed methodology, these tolerances can be modeled and handled more efficiently 
with stack-up analysis being done centrally around control points’ movement. 
Nowadays various computer-aided systems are extensively used in industry to improve 
product design and manufacturing. Note the modeling framework developed in this paper is 
based upon parametric space envelope which is a variation tool constructed from base 
parametric curves. These parametric curves are widely used in the CAD system [52, 53]. As 
such, our CAD-driven approach will facilitate integration of existing CAD and PLM systems 
with tolerancing to meet industry’s emerging demands in a new era of digital manufacturing. 
 
6.     Conclusion and Future Work 
This paper has developed a framework and methodology for tolerance modeling under 
GD&T standards. This framework is based on parametric space envelope, a variation tool 
constructed to aid tolerance modeling. Under proposal, complex geometric tolerance is modeled 
through a compact set of control points, and related tolerance zone is converted to control point 
influence zone. The proposed method is comprehensive in that it can model all classes of 
tolerance specified in the standards. It is versatile that it can handle both rigid and non-rigid 
compliant parts, simple as well as complex manufacturing parts. It aims to give manufacturing 
firm a competitive edge in a new era of digital manufacturing. 
Our proposal shows great application potential. Equipped with developed methodology, 
user can assess part variation impact by generating various geometric errors of target part 
through simulating boundary control points’ movement; User could also link “geometric errors 
pattern of target part” to tolerances of part’s functional requirements (key product 
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characteristics 1 , KPCs [54]) taking into account process requirements (key control 
characteristics2, KCCs). User could further link KCCs variation pattern to KCCs tolerance. Our 
future work includes exploring these application potentials in variation analysis [55, 56], 
manufacturing quality control [57, 58], tolerance analysis [59] and tolerance synthesis [60]. 
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1 An example of KPC is dimension of the target part. 
2  For example, fixture locators’ position errors are the dimensional control characteristics for product 
positioning, and thus are the determining factors in achieving the required dimensional accuracy. These are 
referred to as Key Control Characters. 
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 liB s  = Bernstein polynomial of degree l 
s = parameter of Bernstein polynomials, 0≤ s≤ 1 
u = parameter of Bernstein polynomials, 0≤ u≤ 1 
w = parameter of Bernstein polynomials, 0≤ w≤ 1 
l  = degree of Bernstein polynomials 
m = degree of Bernstein polynomials 
n = degree of Bernstein polynomials 
i jkp  = the i, j, k-th control point 
Q = sample point on target feature 
ΔQ = deviation of sample point Q on target feature 
t = control point translational moving distance 
v = control point translational motion direction 
tol = specified tolerance under GD&T standards 
ω = rotating axis 
θ = rotating angle 
 ,Rot    = rotating matrix 
 , ,d s u w  = deviation distance of a point ( , , )X s u w on target part 
 , ,n s u w  = the normal at the point ( , , )X s u w  
A = geometric mapping matrix 
rj = radius of j-th control point movement in its local sphere 
T = vector of tolerance  1, ,
T
htol tol LT  
P = assembly rate 
CAD = computer-aided design 
FFD = free-form deformation 
PLM = product lifecycle management 
DOF = degree of freedom 
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